In this paper the authors classified all solutions of the second-order nonlinear neutral differential equations of mixed type,
Introduction
This paper is concerned with the second-order nonlinear neutral differential equations of mixed type of the form
a(t) x(t) + bx(t -τ  ) + cx(t + τ  ) + p(t)x
α (t -σ  ) + q(t)x β (t + σ  ) = , (.) t ≥ t  > , subject to the following conditions:
(c  ) a ∈ C  ([t  , ∞), R) and is positive for all t ≥ t  ;
(c  ) b and c are constants; τ  , τ  , σ  and σ  are nonnegative constants; (c  ) α and β are the ratio of odd positive integers; (c  ) p, q ∈ C([t  , ∞), R). In [] the authors considered equation (.) with q(t) = , b = h(t), c =  and α =  for all t ≥ t  , and classified all solutions of (.) into four classes and obtained criteria for the existence/non-existence of solutions in these classes. In [] the authors considered equation (.) with q ≤ , b = c(t), c = , α = , β =  for all t ≥ t  , and classified all solutions into four classes and obtained the solutions in these classes. For p(t) =  or q(t) =  and c =  for all t ≥ t  , the oscillatory and asymptotic behavior of solutions of equation (.) is discussed in [, ] and [] .
By a solution of equation (.), we mean a function x ∈ C([T x , ∞), R) for some T x ≥ t  , which has the properties x(t) + bx(t -τ  ) + cx(t + τ  ) ∈ C  ([T x , ∞), R) and a(t)(x(t) + bx(t -
In [-] the authors considered equation (.) with a(t) ≡ , α = β =  or α = β and obtained conditions for the oscillation of all solutions of equation (.). Motivated by this observation, in this paper we consider the cases p, q ≥  and p, q changes sign for all large t, to give sufficient conditions in order that every solution of equation (.) is either oscillatory or weakly oscillatory and to study the asymptotic nature of non-oscillatory solutions of equation (.) with respect to their asymptotic behavior. All the solutions of equation (.) may be a priori divided into the following classes:
In Section , we obtain sufficient conditions for the existence/non-existence in the above said classes. In Section , we discuss the asymptotic behavior of solutions in the solutions M + and M -. Examples are provided to illustrate the main results.
Existence results
First, we examine the existence of solutions of equation (.) in the class M + .
Theorem . With respect to the differential equation (.), assume that
Proof Suppose that equation (.) has a solution x ∈ M + . Without loss of generality, we may assume that there exists t  ≥ t  such that x(t) >  and Now,
Integrating the last inequality from t  to t, we obtain
From condition (.), we obtain
which contradicts the fact that z (t) ≥  for all large t. This completes the proof of the theorem.
Theorem . Assume that condition (H  ) holds. Further assume that
Proof Suppose that equation (.) has a solution x ∈ M + . Without loss of generality, we may assume that there exists t  ≥ t  such that x(t) >  and
As in the proof of Theorem ., we have
Integrating the last inequality from t  to t, we have
From condition (.), we obtain
Theorem . Assume that conditions (H  ) and (H  ) hold. Further assume that
From condition (.), we obtain
Theorem . Assume that conditions (H  )-(H  ) hold. Further assume that
Hence, a(t)z (t) is non-increasing for t ≥ t  , and we claim that
and integrating the last inequality from t  to t, we obtain
This implies that z(t) → -∞ as t → ∞, which is a contradiction. Thus a(t)z (t) ≥ . Now, proceeding as in the proof of Theorem . and using condition (.), we have
This contradicts the fact that z (t) ≥  for all large t. This completes the proof of the theorem. 
Theorem . Assume that conditions (H  ), (H  ), (H  ) and (H  ) hold. If
Proof The proof is similar to that of Theorem . and hence the details are omitted.
Next, we examine the problem of the existence of solutions of equation (.) in the class M -.
Theorem . Assume that conditions (H  )-(H  ) and (H  ) hold. Further assume that
Proof Suppose that equation (.) has a solution x ∈ M -. Without loss of generality, we may assume that there exists t  ≥ t  such that x(t) >  and x (t) ≤  for all t ≥ t  . (The proof is similar if x(t) <  and x (t) ≥  for large t.) Let z(t) = x(t) + bx(t -τ  ) + cx(t + τ  ), then in view of (H  ), z(t) >  and z (t) ≤  for all t ≥ t  . As in the proof of Theorem ., we obtain
Since x is non-increasing and by (H  ), we see that z(t)
Combining (.) and (.), we have
Lp(s) + q(s) ds, t ≥ t  . http://www.advancesindifferenceequations.com/content/2012/1/226
Integrating the last inequality from t  to t, yields
and by condition (.) we see that
which contradicts condition (H  ). This completes the proof of the theorem.
Theorem . Assume that conditions (H  ), (H  ), (H  ) and (H  ) hold. Further assume that
Proof Suppose that equation (.) has a solution x ∈ M -. Without loss of generality, we may assume that there exists t  ≥ t  such that x(t) >  and x (t) ≤  for all t ≥ t  . (The proof is similar if x(t) <  and x (t) ≥  for all large t.) Let z(t) = x(t) + bx(t -τ  ) + cx(t + τ  ), then in view of (H  ), z(t) >  and z (t) ≤  for all t ≥ t  . As in the proof of Theorem ., we obtain the inequality
Since x is non-increasing and by (H  ), we see that z(t)
Combining (.) and (.), we have
The rest of the proof is similar to that of Theorem . and hence the details are omitted. This completes the proof of the theorem.
Theorem . Assume that conditions (H  ), (H  ), (H  ), (H  ), (H  ) and (H  ) hold. If
Proof The proof is similar to that of Theorem . and hence the details are omitted.
Next, we establish sufficient conditions under which any solution of equation (.) is either oscillatory or weakly oscillatory. 
; then in view of (H  ), we have z(t) >  and z (t) ≤  for all t ≥ t  . Proceeding as in the proof of Theorem ., we obtain
Then w(t) <  and for t ≥ t  ,
Integrating the last inequality from t  to t and using condition (.), we have
By Gronwall's inequality, we obtain
and so
The integration yields Example  Consider the differential equation We conclude this paper with the following remark.
Remark  In this paper we obtained conditions for the non-existence of solutions in the classes M + and M -and the existence of solutions in the classes OS and WOS. It would be interesting to extend the results of this paper to the following equation:
a(t) x(t) + b(t)x(t -τ  ) + c(t)x(t + τ  ) + p(t)x α (t -σ  ) + q(t)x β (t + σ  ) = r(t),
where r(t) is a real valued continuous function.
